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ABSTRACT 

The  Bohr-Sommerfeld  quenttun  conditions  are  deduced  from 
quentum  mechanics,  without  recourse  to  separation  of  variables,  in 
the  limit  ps  h.   approeches  zero.   Thus  the  conaitions  are  ohtained 
in  the  general  form  due  to  Einstein,  which  is  appliceble  to  non- 
separahle  clessical  systems,  rather  then  in  the  special  form  due  to 
Som-Tierf eld ,  which  applies  only  to  separahle  systems.   Previous  de- 
rivations have  applied  only  to  separable  quantum  mectianical  systems 
fnd  therefore  yielded  only  the  Sommerfeld  form  of  the  qviantum  con- 
ditions. The  present  derivation  is  hased  on  pn  extension  of  the 
WKB  method  to  partial  aifferential  equations,  used  by  Dirac  and 
others.  By  this  method  en  asymptotic  solution  of  the  Schroedin^er 
equation  is  constructed  from  which  the  quantum  conditions  follow. 
The  asymptotic  solution  should  prove  e  useful  approximation  in 
various  problems.  As  an  example,  ^he  asymptotic  solution  for 
Rutherford  scatterimr  is  constructed. 
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I.  Introdtictlon 

Bohr's  quantum  theory  w«s  generalized  by  Sommerfeld,  Debye, 
Wilson,  Epstein  ^nd  Schwsrzchild,  and  given  its  most  generel  form  by 
Einstein  ■'  ,   In  epch  of  these  formuletions  the  motion  of  a  system  was 
described  by  classical  mechsnics,  but  certain  constants  of  the  motion 
were  restricted  to  be  integers,  or  sometimes  half-integers.  These 
restrictions  were  celled  the  qiiantum  conditions.  After  the  discovery 
of  qusnttan  mechanics  the  Bohr-Sommerfeld  conditions  were  shown  to  be 
consequences  of  quantum  mechanics  in  the  limit  in  which  Planck's  con- 
stant fc.  approaches  zero.  This  demonstration  was  basea  on  the  WKB 
method  and  the  Krpmers  connection  formulas.   Therefore  it  was  restricted 
to  those  problems  for  which  the  Schroedinger  equation  wrs  separable, 
and  could  be  reduced  to  a  system  of  ordinary  differential  eo^uations. 

The  present  paper  presents  ?  more  general  derivation  of  the 
quantum  conditions  from  quantum  mechanics,  which  is  not  based  upon 
seppration  of  vpriables.  Consequently  it  yields  these  conditions  in 
the  general  form  given  by  Einstein,  which  is  applicanle  to  non-seperpble 
classical  systems,  rather  then  in  the  special  form  given  by  Sommerfeld, 
which  applies  only  to  separable  systems.  Of  course  the  derivation 
yields  the  conaitions  in  their  corrected  form,  i.e.,  with  the  rppro- 
priate  integer  or  half  integer  in  each  cFse.  The  derivrtion  is  simply 
related  to  ce  Broglie's  condition  that  there  must  be  pn  integrrl  number 
of  wfvelengths  along  a  closed  orbit. 

The  derivation  proceeds  from  f  generalize. tic n  of  the  WEB 
method  to  partial  differential  equations,  given  by  Dirac   ,  By  con- 
structing the  asymptotic  solution  of  the  Schroedinger  equation  accord- 
ing to  this  method,  we  rre  lea  to  the  quantum  conditions. 
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It  seems  worthwhile  to  point  out  thst   the  ssymptotic  solution 
is  constructed  by  purely  classical  meens,   but  nevertheless  cescribes  such 
qwntum  mechsnicsl  phenomena  as   interference.     This  rsymptotic   solution 
should  prove  as  useful   in  msny-dimensionFl  problems  fs   the  WKB  solution 
h£s  proved  in  one  dimension.     As  an  example  of  the  method,    the  asymptotic 
solution  is  constructed  for  the  problem  of  Rutherford  scattering,    in  an 
appendix   to   this  article  prepared  with  the  rid   of  Dr.   Ernest  Beuer.     Not 
only  does   this   solution  yield  the   correct  differential  scatterini^  cross- 
section,  as  one  would  expect,  but  it  also  yields   the  loearithmic  phase 
factor  of   the  exact  solution, 

II «     Asymptotic  Solution  of   the  Schroedin^er  Equation 

Let  H(q    ,p   ,t),  where  r  =  1,.,,,  n,  be   the  Hamiltonian  operator 
of  a   quantum  mechanical  system  with  N  coordinate  operators  a     ana  N  con- 
jugate momentum  operators  p     »  -i  "k  t*—  .     In  the  Schroedin^er  represent- 
ation,    the  atate  of  the  system  is  represented  by  a   function  t|r(q    ,t)  which 

satisfies    the  Schroedinger  equation 

.      dv|f(cL.,t) 
(1)  H(q^,p^.t)y(q^,t)  =   it    ^ • 

We  wish  to  examine   the  asymptotic  behavior  of  the  solution  v|»(q^,t,n)   of 

(1)  as  Planck's   constant  h.  approaches   zero. 

To  this   end  we  ass\ime   that  as  t  approaches   zero,  v|r(a    ft.n) 
has   thp  rsymptotic  form  y   (q^,t,'E)  given  by 

(2)  vp(q^.t,t)~  H'QCqj.'t.'fe)   5     n     A^(qj..t,l)exp[iii~-'-Sj^    (q^.t.t)]. 

Thus  ou'^  assum]<tion  is  in  fret  th;jt  the  ratio  \\i/^  has  the  limit  unity 
as  "fe  approaches  zero.  Furthermore  we  assume  that  the  ssymptotic  forms 
of  the  derivatives  of  \^   are  given  by  the  corresponding  aerivetives  of 
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^1    »     We   shall  make   other  pssiimptions  ahout  \j;     suhsequently. 

From  the  preceain£;  essumpticns   it  follows   that  \jr     must  satisfy 
(1)  esymptoticFlly.     Thus  we  have 

(3)     Z  H(q^,p^.t)A^(q^,t,t)exp[iti-\(q^.t.t)]-^  exp(ili-^Sj^)  [it  -g| -A^-^1 

To  simplify  (3)  we  employ  the  identity   [see  Direc,  pp.   I22j 
(h)     H(q^,p^,t)   Aexp(i1i"^S)   =   exp(iti~-^S)H(q^.Pj.  +  |~  ,t)  A. 

Thus    (3)  "becomes 

,  as  ,  dA.  93,  -, 

(.5)     E  e.p(ir\)H(a^.p^  +  ^  .t)  A^^r  e.p(ir\)    [  ife  ^  -  A,^  ^J. 

We  now  assume  that  (5)  holds  for  each  value  of  k  seperetely.  This  would 
follow  from  (5)  "by  the  independence  of  the  exponential  functions  if  appro- 
priate assumptions  were  made  on  the  S,  ,  A.  ?nd  H,  We  thus  obtain  for 


each  value  of  k 


^^k  ....     a  ^\ 


as, 


(6)  '    H(vp,*i5j'  t)^~iijf-^5t^  • 

Now  suppose  that  the  leading  term  on  the  left  is  obtained  by 

omitting  the  P  ,  which  are  proportional  to  n,  and  that  the  leading  term 

^^ 
on  the  right  is  obtained  by  omitting  ih- .  ,  Then  we  assume  that  the 

ot 

remaining  leading  terms  are  not  merely  asymptotic,  but  are  equal.  Thus 
we  have  for  each  k 

as         as 

Since  the  operator  on  the  left  is  merely  a  multiplier,  and  since  by 
assumption  A,  is  not  ^ero,  (7)  becomes,  for  each  k,  an  equation  for  3,  : 

(8)  H(q^.  g^.  t)-.^. 


-h" 


EqTjation  (8)   is  just   the  Hamilton-JacolDi  eauation  for  a  cl&ssical 
mechanical   system  with  Hamiltonirn  H.      However  we   uiay  consider   comijlex 
solutions    of   (8)   in  addition  to   the   real   ones   employed   in  classical 
mechanics. 

We   now  assume   that   the  next   lower  order   terms    in   (6)   are 
also  equal.      This   implies    that  the  other  terms   of  \\i,   not  contained  in 
\)/    ,   do  not  contribute  to  this  order  in   the   Schroedinger  equetion.     Then 
expanding   H  to   first   order   in   the  p     we   obtain,   for   each  k,   an  equation 


for 


(9) 


\^ 


-L 


is  ,       as 


r=l 


aq^ 


3p, 


2\ 


aq^  apj 


=  1 


'\ 


at 


Multiplying  by  -2iA,  we  have  instead  of  (9) 

.-c 


'H: 


N 


<->     ^^Sit 


dS,, 


4 


aH(q^.j;^.t) 


sp. 


=  0. 


If  we  define  \(qj..t)  hy  T^  =  A^  and  v^  =  |~-  *  then  (10 ) 

r 
becomes  an  equation  for  P^(q^,t): 


0. 


Equation  (11)  is  a  special  form  of  the  Liouville  equation  of  classicpl 
statistical  mechanics  for  the  probability  aistribution  P,  of  p  clrssical 
mech-anical  system  with  Hamiltonian  H.   The  specialization  results  from 
the  fact  that  P,  aeoends  only  upon  q  and  t,  but  not  on  v  or  p  as 
is  us-'oal  in  classical  mechrnics.   This  is  p  consequence  of  the  fact  thfi  t 
quantum  mechanics  does  not  yield  joint  probability  distributions  of 
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conjtigate  variables.   It  is  also  to  "be  noted  that  P^  is  not  necessarily 
positive,  nor  even  real  in  the  present  case. 

The  preceding  derivation  of  (8),  (11)  is  essentially  that 
of  Direc,  [pp.  121-3], 

III.  The  '  Classical  xy  Function" 

The  asymptotic  solution  \|>  •  which  y^   approaches  as  "t  tends  to 


zero,  can  be  constructed  by  classical  mechanical  considerations,  since 
the  Sj^  satisfy  the  Hamilton-Jacobi  equation  and  the  AT  satisfy  the 
Liouville  equation.  Nevertheless  the  probabilities  computed  from 
Iv^l   still  show  quantum  mechanical  interference  effects  if  the  sum 

in  (2)  contains  more  than  one  term, 

p     o        ^1 
If  only  one  term  occurs  in  (2),  then  jv|>  |  =|a,|  exp(-2ti"  )lmSj^, 

and  the  probability,  as  well  as  \y  itself,  is  exponentially  damped  in 
regions  where  ImS^^  >  0.  The  probability  in  such  regions  vanishes  as  ii 
tends  to  zero;  this  corresponds  to  the  fact  that  these  regions  ere  ex- 
cluded in  classical  machanics,  as  can  also  be  seen  from  the  fact  that 
the  solution  of  the  Hamilton-Jacobi  equation  is  not  real  in  these  regions. 
The  exponential  tril  shows  th?t  \j/  describes  such  quantum  mechanical 
effects  PS  "  tunneling 'l 

If  ImSj_  =  0  and  |a^j2=a^=  p^,  then  \^,J^  =  P^.  Thus  fs  "k 
tends  to  zero  the  quantum  mechanical  probability  distribution  approaches 
that  given  by  the  Liouville  equation  of  classical  statistical  mechanics, 
and  we  may  say  thrt  quantum  mechanics  approaches  classical  statistical 
mechanics  rs  n  tends  to  zero.  The  customary  statement  that  quantum 
mechanics  approaches  classical  mechanics  is  thus  not  strictly  correct, 
but  holds  only  when  the  initial  data  are  such  that  P^  =  0  except  on 
one  trajectory,  in  which  case  classical  statistical  mechanics  reduces 
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to  clessicol  mechanics.   Since  the  classical  aiethod  of  computing 
differential  scattering  cross-sections  is  actually  'baseQ  on  classical 
ststistical  mechanics,  the  preceding  consideretions  show  thet  the 
quantum  mechanical  cross-sections  will  approech  those  obtained  "by 
the  classicpl  method  as  "fe  tends  to  zero. 

±he   asyaaptotic  solution  \v  »  which  may  be  called  the 
"  clsssical  y^   function",  cfn  be  constructed  by  solving  orainsry 
differential  eo_ustions  alone.   To  construct  \)'  one  may  first  determine 
the  characteristics  of  the  Hsmilton-Jacobi  equation,  which  are  just  the 
trajectories  of  the  classical  system  in  phpse  space.  Then  each  S,  can 
be  obtained  by  integration,  and  the  A,  can  also  be  found  by  solving  an 
ordinary  differential  equation  related  to  the  trajectories. 

As  pn  example  let  us  consider  the  case  in  which  E  is  inae- 
pendent  of  t  rnd  therefore  H  =  E,  where  E  is  e  constant,  the  total 
energy  of  the  system.  Now  if  q  (t),  p  (t)  denote  a  trajectory,  then 
the  function  S,  is  j-iven  at  soy  point  of  the  trajectory  in  terms  of  its 
value  S,  (O)  rt  some  fixed  point  on  the  trajectory: 

(12)      Sj^(q^,t,-t)  =  Sj^(O)  *   J     Yi    ^r^^^  "ir    ^'^    '  ®* 

0   r=l 


0       r=l 


=  Sj^(o)  +y  Y^  VS-  -  ^*' 


Equation  (ll)  for  P,  can  also  be  solved  at  once  if  P,  is 
independent  of  t,  for  then  it  becomes 

r=l 
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Eqioation  (13)  e3serts   that  the  probability  flujc  is  divergenceless,  pnd 
therefore  by  applying  Gauss'   theorem  to  b   tube  of  trajectories  we  obtpin 


r  N 

-  -    2 

V 

r 


In  (1^)  V  = 


1/2 

nnd  dO"  is  the  normfl  cross-Bectionsl 


Lr=l 
prep  of  the  tube  of  trajectories,  both  evciluatea  at  the  same  point  ft 

which  P.  is  evaluf»ted.   The  corresponding  quantities  v  ,  dCT  ^nd  Pv,(0) 

are  evaluated  at  some  other  point  on  the  same  trajectory,  and  thus  (lA) 

merely  asserts  the  conBervation  of  ••probability",  Acttially  (l^)  holds 

in  the  limit  as  d<r  tends  to  zero,  in  which  case  r— r-  denotes  the  Jacobian 
0  do 

o 

of  the  mapping  of  one  cross-section  onto  another  by  means   of  trajectories. 
The  problem  of  Rutherford  scattering  is   treated  in  the  appendix 
"by  means   of  eq-uations    (12)  and   (1^). 

IV,     The   Qu.antum  Conditions 

Qaant'ujn  mechpnics  requires   that  \|r  be  a   single-valued  fxmction 

of   the  q^,   and   thus  \\i     must  satisfy  the  SFme  condition.      Therefore   if   the 

terms   in  ur     are  independent,   each  of   them  must  be  single-valued.     Now 
0 

suppose,    first,    that  A,    is  single- valued.     Then  exp(in     S.  )  must  be  single- 
valued,  which  is   obviously  the  case  if  S,    is   single-valued.     However,   even 
if  S,    is  not  single-valued  the  exponential  function  of  S.,  will  still  be  so 
provided   that 

(15)  iT'^  ^!^Sj^  =  n  ,   2n^  or    As^=  nii,Xjr  ~  .Ti  X 

In  (15)  A  S,  (q^.t,ii)  denotes  the  difference  between  any  two  values  of 

S,  pt  q  ,  t,  and  n  is  an  integer.  Equation  (15)  may  be  celled  the 
K     r 

■  quantum  condition'. 
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If  \}/   denotes  a   steady  state   of  energy  E,    then  S,    is  £iven  by 
(12)   and  V  =  \  i^  given  by   (1^).     The  difference/^  S    (q    .t^ti)    is    then 
given  by  a  line  integral  over  some  closed  curve  starting  end  ending  at 
a    ,  and    (15)  becomes 

(16)         /  Y2  vs-  =  ^  ^  • 

r 
In  fact  (l6)  must  hold  for  every  closed  curve  in  the  a     sppce  since 

only  then  will  exp(iii'*  S,  )  pnd  thus  \|;  be  single-valued  at  every  point. 
Equation  (16)  is  exsctly  the  quantum  condition  postulated  by 
Einstein,  Einstein  also  pointed  out  that  since  p  =  SSj/Sq^i  the  line 
integral  in  (16)  hss  the  same  value  for  ?11  curves  which  can  be  deformed 
into  each  other  without  crossing  a  singularity  of  the  integrand.  For 
example,  the  integral  is  zero  for  a  curve  which  can  be  deformed  into  a. 
[  point.  There  are  usually  a  finite  number  of  classes  of  independent 
curves  which  cannot  be  deformed  into  a  point.  Any  other  curve  is  de~ 
formable  into  ?  linear  combination  of  such  curves  with  integer  coeffi- 
cients. Thus  (16)  will  be  satisfied  for  all  curves  if  it  is  satisfied 
by  one  curve  in  each  of  the  independent  classes  of  irreducible  curves. 
Thus  we  have,  in  general,  a  finite  number  of  ••  quantum  conditions',  in 
which  the  integers  n  may  be  different  from  each  other. 

Einstein  also  pointed  out  that  \    p  dq^  is  Invariant  under 

r 
a  cont&ct  transformation  of  variables,  ana  therefore  so  are  the  con- 
ditions (l6).  He  also  indicated  how  condition  (16)  reduces  to  the 
Sommerf eld-Wilson  quantum  conditions  if  the  system  has  N  integrals 
which  permit  each  p,  to  be  expressed  in  terms  of  the  corresponding 
q.  alone  (i.e.,  if  the  variables  separate  in  the  Hamilton-Jacobi  equation), 
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It  should  be  pointed  out   thr t   the   integrals    (16)   in   the   a     spece 
ere  most  epsily  unaerstood  if  thet  space  la  maae  into  a  Riemrnn 
space    (i.e.,   miiltisheeted  sppce)   on  which  the  p     ere  single-vrlued 


functions   of  the 


^' 


Let  us  now  consider  the  esse  in  which  A.  is  not  sinfle- 

1/2 
valued.   If  \j;  denotes  P-   stepdy  state  then  A,  is  given  by  (P  )  '   ^ 

where  P,  is  given  hy  (1^).   If  A.  is  multiple-vpluea  et  £  point 

then  one  trajectory  must  ppss  throug"h  the  point  more  thfn  once. 

If  different  trajectories  pess  throug-h  the  point,  they  rre  associated 

with  different  terms  in  \y  .  Suppose  e  trajectory  ppsses  through  8 

point  a   twice,  end  closes  (i.e.,  has  the  sfme  direction  both  times 

?t  (L.)»  Then  v  rnd  d3"  return  to  their  original  values  at  q  .  But 

P,  mey  not  return  to  its  original  value  if  either  v  or  d(r  has  vanished 

on  the  trajectory. 

Such  points  at  which  v  or  dCT  vanishes  are  called  caustic 

points  in  optics.   At  them  P,  becomes  infinite  according  to  (l^). 

This  indicates  thrt  a  different  esymptotic  expansion  of  the  solution 

is  required  in  these  places.  But  nevertheless  since  v  or  dcT  changes 

sign  on  passing  through  zero,  so  does  P,  usiially.  Thus  if  v  and  dcr 

return  to  their  original  values  after  traversing  a  closed  trajectory, 

P,  must  undergo  an  even  number  of  sign  changes,  end  therefore  A,  must 

change  its  argtunent  by  an  even  multiple  of  tt/2,  or  by  en  integral 

multiple  of  TT,   Thus  the  two  values  of  A,  will  differ  by  e   .   Then 

A,  exp(in~  S,  )  will  be  single-valued  if 

(17)       "ii""^  ^K  -  ^^  *  ■"  ,or  i!iS,  =  (n  +  l/ZJb., 
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Thus  in  this  case  we  ohtsin  the  half-odd  integer  quBntum  condition, 
for  curves  deformeble  into  the  trajectory  considered. 

It  is  clear  thpt  the  appropriate  quantum  condition  in  each 
prohlem  will  depend  upon  the  nature  of  the  trajectories,  on  whether 
they  intersect  (dO"  =  0)  and  on  whether  or  not  v  =  0  on  them.  Further- 
more, ns  was  pointed  out  shove,  it  is  necessary  to  make  a  special  study 
of  the  solution  on  the  caustics,  where  a  different  asymptotic  expansion 
is  required.  The  methods  which  have  heen  used  in  electromagnetic  theory 
seem  to  he  appropriate  for  this  prohlem,  hut  will  not  be  aiscussed  further 
here.   It  should  he  mentioned  that  the  relationship  between  the  velues  of 
P  on  the  two  sides  of  a  caustic  is  analogous  to  the  ■  connection"  problem 
at  a  turning  point  in  the  WK3   method. 

Finally  it  is  to  be  noted  from  (15)  to  (17)  that  t   and  n  enter 
the  solution  only  in  the  combination  im.   In  some  problems  the  solu- 
tion for  fixed  n  does  not  have  the  asymptotic  behavior  assumed  in  the 
derivation.  However  when  the  double  limit  in  which  n  becomes  infinite 
while  'fe  becomes  zero  and  rife  is  constant  is  considered,  the  assumed 
asymptotic  behavior  may  result.   In  this  case  the  asymptotic  solution 
applies  only  for  high  quantum  numbers  n. 
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The  "  Classical  >y  Function"  for  Rutherford  Scattering 

Consider  the  quantim  mechanical  scattering  of  a  chf-rged 

prrtlcle  of  mpss  m,  chrrge  e  end  initial  moment-um  p  by  a  fijed  particle 

of  charge  Ze.  Since  the  energy  E  of  the  system  is  constfnt,  it  is 

2 
eqtisl  to  the  initifl  kinetic  energy  of  the  particle  ^  .  Thus  \(r 

satisfies  the  time -independent  Schroedinger  equation 

(A-l)  -^   ^„  *   (^  -  i^)-.-0. 

The  origin  of  coordinates  is   taken  at  the  fixed  ^jarticle.      If  the 
incident  particle  comes   from  the   left,    it   is  represented  by  the  plane 


w»ve  A  erp(ipti~  x).     Thus  \v  should  consist  only  of  outgoing  waves   in 


1~    3 

addition  to  the  plane  wave,  which  will  itself  be  modified  by  the 

potential. 

The    ■  classical  y^  function*  \\i     can  be  constructed  by  means   of 
(11)  rnd    (1^),    if  we   first  determine   the  classical  trajectories  of  e 
particle  with  momentum  p  in  the  potential  of  the  fixed  charge   Ze  at 
the   origin.      Since   these   trajectories   are  plane   curves  -   in   fact 
hyperbolas  -  they  can  be  described  in  terms  of   the  polar  coordinates 
r  and  Q  by  the  equation 

(A-2)  r"-*-  =     -^     [l  +  c   cos    (e  -  tt.)3    • 

ab 

Here  b  is   the    "impact  parameter"    and  a,   e,  ui  are   constants  defined  by 


(A_3)  e  =  =—  ,     €  =    yl  +  a   D        ,    tan  ui  =  ab. 
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Equation  (A-2)  describes  a  hyperbola  of  eccentricity  e  with  one 
psymptote  given  "by  y  =  r  sin  0  =  b,  which  represents  the  incoming 
path  of  the  particle.  The  other  asymptote,  representing  the  outgoing 
path,  is  ©  =  ji , where 

To  compute  S  we  note  that  from  the  Hamilton-Jacobi  e'luntion 

(A-5)         |vsl  =  (p2-^)  '/^ 

Since  the  direction  of  VS  is  along  the  trs jectories,  we  have  on  efch 
trajectory 

(A-6)  S(r.h)  =  S  (b)  t  /  (P^  -  ~r^)  ^'^   dX  . 

°  X  r 

0 

Here  di=(l+r  LriHl  )dris  the  element  of  firclength  nlong  p 
trajectory,  r^  is  the  minimum  value  of  r  on  the  tra jectory^end  S  (b) 
is  the  value  of  S(r,b)  ?t  r  ,  The  minus  sign  is  to  be  chosen  on  the 
■  incident*  side  of  r  and  the  plus  sign  on  the  'outgoing'  side.  The 
vrlue  S  (b)  is  determined  by  the  condition  that  S(r,b)  must  approach 
py  as  r  becomes  infinite  on  the  incident  side  of  the  trajectory,  in 
accordance  with  the  "boundary*  condition.  If  we  make  use  of  (A-2), 
(A-6)  becomes 

S(r,b)  =  S^(b) 
(A-7)  ^ 

To  determine  the  behavior  of  S(r,b)  ps  r  becomes  infinite,  we  may 
calculate  the  asymptotic  value  of  the  integrrl  for  large  r.  This  calculation 
leads  to  the  result 
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(A-8) 


S(r,b)  =  S^(b)  +     pr-  ^^^  logr  +  C(b)  +   •••   |. 


In   (A-8)   C(Td)   is  F   constant.      Thus  we   see   thft   S    ("b)  must  "be   set   eaixcl 

0 

to  CCb)  in  order  to  satisfy  the  "boundary  condition".   The  logarithmic 
term  in  (A-8)  is  the  spme  as  that  obtained  in  the  exect  solution  of  the 
Schroedinfer  eqvirtion. 

In  order  to  compute  A(r,b)  we  make  use  of  (1^),  which  yields, 
in  view  of  the  rotstionpl  symmetry  of  the  present  problem  about  the 
X-axis , 


(A-9)  A'^Cr.b)  = 


a\  bdb 


•      <^  _j  r.    /-i^  2|dr|-2.l/2 
v.rsua  ©Td  0   (l+r   |— |      ) 

.2,   2  2mZe^xl/2  b       /     ^  -1  ,./n     ^  2rb        .-1 

=  A^p(p     -^r— )  -T^W'     €^cot(«-a.)-  ,,3i^(^,)) 

.(1  +  £!l! )-l/2   . 

^■^  *     2  2.    2,_      J 
€  r  sin   C^u)) 

The  ebove  expression  yields  an  infinite  value  for  A  on  the  caustic  curve, 
defined  by  4l  =  0.  Thus  on  tind  near  this  curve  the  present  asymptotic 
expansion  fells. 

To  obtain  the  asymptotic  behavior  of  A(r,b)  for  Iprge  r  on 
the  outgoing  pert  of  the  trajectory,  we  note  that  Q  approaches  0  fs  r 
becomes  infinite.  Then  ©,  fpprofches  ^,  and  one  obtairxS  from  (A-9) 

(A-10)         A^(r,b)  =  -^ 5 +  •••  . 

r  /+g  sin  j6/2 

Equation  (A-10)  yields  an  asymptotic  value  of  the  f'mplitude  which  coincides 

with  that  obtained  by  solving  the  Schroedinger  equation  exactly,  a s  is 

well  'mov/n. 
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